The Factorization of Dickson Polynomials over Finite Fields  by Chou, Wun-Seng
FINITE FIELDS AND THEIR APPLICATIONS 3, 84–96 (1997)
ARTICLE NO. FF960169
The Factorization of Dickson Polynomials over
Finite Fields
WUN-SENG CHOU
Institute of Mathematics, Academia Sinica, Nankang, Taipei 11529, Taiwan,
Republic of China
E-mail: macws@ccvax.sinica.edu.tw
Communicated by Gerhard Turnwald
Received August 10, 1995; revised March 1, 1996
Let Tn(x, a) [ GF(q)[x] be a Dickson polynomial over the finite field GF(q) of
either the first kind or the second kind of degree n in the indeterminate x and with
parameter a. We give a complete description of the factorization of Tn(x, a) over
GF(q).  1997 Academic Press
1. INTRODUCTION
Throughout the entire paper, q is a power of a prime p. For any integer
n $ 1 and any element a [ GF(q), two polynomials over GF(q) are
defined as
Dn(x, a) 5 O[n/2]
i50
n
n 2 i Sn 2 ii D (2a)ixn22i (1.1)
and
En(x, a) 5 O[n/2]
i50
Sn 2 ii D (2a)ixn22i, (1.2)
where [n/2] is the greatest integer less than or equal to n/2. Moreover, let
D0(x, a) 5 2 and E0(x, a) 5 1. The polynomials Dn(x, a), n $ 0, are called
the Dickson polynomials of the first kind of degree n in the indeterminate
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x and with parameter a, and the polynomials En(x, a), n $ 0, are called
the Dickson polynomials of the second kind of degree n in the indeterminate
x and with parameter a. These two kinds of polynomials are quite useful
in both theoretical and applied aspects. They have been studied intensively.
An excellent reference for Dickson polynomials is the book written by
Lidl, Mullen, and Turnwald [2].
Both Dickson polynomials Dn(x, a) and En(x, a) can be defined over any
commutative ring R with identity by using both formulas (1.1) and (1.2),
respectively (see [2] for details). If R 5 C is the set of complex numbers,
both Dn(x, a) and En(x, a) are closely related to the well-known (classical)
Chebyshev polynomials of the first kind Tn(x) and the second kind Un(x),
respectively. Precisely, Dn(2 cos u, 1) 5 2Tn(cos u) and En(2 cos u, 1) 5
Un(cos u) for any real number u. The factorization of both Tn(x) and Un(x)
has been determined completely in terms of cyclotomic polynomials over
rational numbers (see [3, Chap. 5]). Moreover, Scheerhorn [4] studies the
irreducibility property of Tn(x). In this paper, we study the factorization
of Dickson polynomials over finite fields.
The factorization of both kinds of Dickson polynomials over finite fields
has been studied by some mathematicians. For example, Gao and Mullen
[1] study the irreducibility of Dn(x, a) 1 b for a, b [ GF(q), while Williams
[6] studies the factorization of D2n11(x, a) over the algebraic closure GF(q)
of GF(q) as well as that of the associated polynomial (D2n11(x, a) 2 D2n11(y,
a))/(x 2 y). Turnwald [5] extends Williams’ results to any finite field GF(q)
containing primitive nth roots of unity for any positive integer n (see also
[2, Chap. 3]). But it seems that the complete factorization of these two
kinds of Dickson polynomials themselves has not been studied. In fact,
Lidl, Mullen, and Turnwald [2] also mention that similar factorization of
Dickson polynomials of the second kind as those studied by Turnwald [5]
and Williams [6] for the Dickson polynomials of the first kind is still un-
known (see [2, Remark 3.16]).
Note that Dn(x, 0) 5 xn 5 En(x, 0) for all n $ 1. The factorization of
these kinds of polynomials is trivial, so we only consider nonzero parameters
a in this paper. Write x 5 y 1 a/y with y an indeterminate. Applying the
Waring’s formula, one gets
Dn(x, a) 5 Dn Sy 1 ay , aD5 yn 1 anyn (1.3)
([2, Eq. (2.2)]) and
En(x, a) 5 En Sy 1 ay , aD5 yn11 2 an11/yn11y 2 a/y (1.4)
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([2, Eq. (2.3)]). These two formulas will be used to evaluate the images
Dn(x, a) and En(x, a), respectively, for any element w in the algebraic
closure GF(q). Note that every element w [ GF(q)3 can be written as
w 5 u 1 a/u for some element u [ GF(q)3 because the polynomial x2 2
wx 1 a has only nonzero roots in GF(q).
In this paper, we study the factorization of Dickson polynomials Dn(x,
a) of the first kind in Section 2 and the factorization of Dickson polynomials
En(x, a) of the second kind in Section 3.
2. DICKSON POLYNOMIALS OF THE FIRST KIND
Since D0(x, a) 5 2, we are going to consider Dn(x, a) for all n $ 1. For
any element w [ GF(q)3, write w 5 u a/u for some u [ GF(q)3. Then
we have
Dn(w, a) 5 Dn(u 1 a/u, a) 5 un 1
an
un
. (2.1)
From this equation, w is a root of Dn(x, a) if and only if un 1 an/un 5 0,
or equivalently, u is a solution of the equation
x2n 5 2an. (2.2)
Note that if j [ GF(q)3 is a primitive 4nth root of unity and b [ GF(q)3
satisfies b2 5 a, then every solution of Eq. (2.2) is of the form bj 2i11 for
some 0 # i , n.
We will later need the following lemmas.
LEMMA 2.1. Let k $ 1 be an integer. For any u [ GF(qk)3, u 1 u21
belongs to a proper subfield GF(qm) of GF(qk) if and only if either u [
GF(qm) and m divides k or u [ GF(q2m), 2m divides k, and the multiplicative
order of u divides qm 1 1.
Proof. Let GF(qm) be a proper subfield of GF(qk) and let w 5 u 1
u21 [ GF(qm). Suppose u Ó GF(qm). Then u is a root of the polynomial
x2 2 wx 1 1 over GF(qm). This implies u [ GF(q2m)\GF(qm) and so x2 2
wx 1 1 is irreducible over GF(qm). Since u [ GF(qk), 2m divides k. More-
over, the order of x2 2 wx 1 1 divides qm 1 1 and so the order of u divides
qm 1 1. This proves the necessity. The sufficiency is easy to see.
LEMMA 2.2. Let n $ 2 be a fixed integer with gcd(p, n) 5 1. Suppose
k $ 2 is the smallest positive integer satisfying qk ; 1 mod n. Let f (x) be a
monic irreducible polynomial over GF(q) of degree k so that every root of
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f (x) is a primitive nth root of unity. For any root a of f (x), a21 is also a
root of f (x) if and only if k is even and n divides qk/2 1 1.
Proof. Note that a, aq, . . . , aq
k21
are the root of f (x). a21 is also a
root of f (x) if and only if there is k . i $ 0 so that aq
i
5 a21. The last
equality is equivalent to qi ; 21 mod n. Since k $ 2 is the smallest positive
integer satisfying qk ; 1 mod n, there is k . i $ 0 satisfying qi ; 21 mod
n if and only if k is even and n divides qk/2 1 1.
Note that we may only consider a [ GF(q)3 of order n in Lemma 2.2.
Then Lemma 2.2 is equivalent to that there is an integer 0 # j , k so that
aq
j
5 a21 if and only if k is even, j 5 k/2, and n divides q j 1 1. Note also
that, from both Lemmas 2.1 and 2.2, if f (x) is an irreducible polynomial
over GF(q) of degree k and of order n, then, for any root z of f (x), the
polynomial g(x) 5 Pk21i50 (x 2 (z 1 z 21)q
i
) [ GF(q)[x] is either an irreducible
polynomial (or equivalently, z 1 z 21 does not belong to any proper subfield
GF(q j) of GF(qk)) or a square of some irreducible polynomial over GF(q)
(or equivalently, z 1 z 21 belongs to a proper subfield GF(q j) of GF(qk)),
and g(x) is a square of some irreducible polynomial if and only if k is even
and n divides qk/2 1 1. The last condition is equivalent to that k/2 is the
smallest integer j with q j ; 21 mod n. What we have observed is that if
z is of order n, the degree of the monic irreducible polynomial over GF(q)
of z 1 z 21 is the smallest positive integer j satisfying q j ; 61 mod n. Note
that if either k is odd or n does not divide qk/2 1 1, then 2k divides w(n),
where w(?) is the Euler totient function.
LEMMA 2.3. Let q be odd and let a [ GF(q)3 be nonsquare. Let n . 4
be a fixed integer with gcd(n, p) 5 1 and let z [ GF(q) be a primitive nth
root of unity. Let b [ GF(q2) satisfy b2 5 a. And let f (x) [ GF(q2)[x] be
the monic irreducible polynomial over GF(q2) of b(z 1 z 21) of degree k.
Then f (x) [ GF(q)[x] if and only if k is odd, n is even, and either gcd(n,
qk 2 1) 5 n/2 or gcd(n, qk 1 1) 5 n/2.
Proof. Note that f (x) is of the form f (x) 5 Pk21i50 (x 2 b(z 1 z 21)Q
i
),
where Q 5 q2. So, f (x) [ GF(q)[x] if and only if f (x) can be rewritten as
f (x) 5 Pk21i50 (x 2 (b(z 1 z 21))q
i
). The last expression is equivalent to that
b(z 1 z21) belongs to GF(qk), but does not belong to any proper subfield
GF(q j) of GF(qk). If k were even, then b(z 1 z 21) [ GF(qk) 5 GF(Qk/2),
which contradicts the fact that k is the degree of f (x) [ GF(q2)[x]. So, k
is odd.
Now, b(z 1 z21) [ GF(qk) implies (z 1 z 21)2 [ GF(qk) since b2 5
a [ GF(q). Thus z 2 1 z 22 [ GF(qk). On the other hand, b(z 1 z 21) [
GF(qk) implies z 1 z 21 [ GF(q2k)\GF(qk) because b [ GF(q2)\GF(q). So,
n divides neither qk 1 1 nor qk 2 1 by Lemma 2.1. If n were odd, z 2 would
also be a primitive nth root of unity. Since gcd(n, qk 1 1) ? n ? gcd(n,
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qk 2 1), z 2 1 z 22 [ GF(q2k)\GF(qk) by Lemma 2.1 again, a contradiction.
So, n is even.
Finally, we are going to show that b(z 1 z 21) [ GF(qk) if and only if
either gcd(n, qk 2 1) 5 n/2 or gcd(n, qk 1 1) 5 n/2. Suppose first b(z 1
z 21) [ GF(qk). Then z 2 1 z 22 [ GF(qk). Since the order of z 2 is n/2 and
z 1 z 21 [ GF(q2k)\GF(qk), either gcd(n, qk 1 1) 5 n/2 or gcd(n, qk 2
1) 5 n/2 by Lemma 2.1. Conversely, assume that either gcd(n, qk 2 1) 5
n/2 or gcd(n, qk 1 1) 5 n/2. Then z 2 1 z 22 [ GF(qk) and so, (z 1
z 21)2 [ GF(qk). Since gcd(n, qk 1 1) ? n ? gcd(n, qk 2 1), z 1 z 21 [
GF(q2k)\GF(qk) by Lemma 2.1. Combining this with (z 1 z 21)2 [ GF(qk),
(z 1 z 21)q
k
21 5 2 1. Because of bq 5 2b, (b(z 1 z 21))q
k
5 (2b)(z 1 z 21)
(z 1 z 21)q
k
21 5 b(z 1 z 21) and so, b(z 1 z 21) [ GF(qk). This completes
the proof.
In the proof of Lemma 2.3, the condition that either gcd(n qk 2 1) 5
n/2 or gcd(n, qk 1 1) 5 n/2 implies z 1 z 21 [ GF(q2k)\GF(qk). From
Lemma 2.1, z [ GF(q2k)\GF(qk). If gcd(n, qk 2 1) 5 n/2, then z q
k
21 5 21.
If gcd(n, qk 1 1) 5 n/2, then z q
k
11 5 21. In any case, we have z q
k
1 z 5
2z 2q
k
21(z
qk
1 z) and so (z 1 z 21)q
k
5 2(z 1 z 21). Conversely, if z [
GF(q2k)\GF(qk), the condition that (z 1 z 21)q
k
5 2(z 1 z 21) implies (z 1
z 21) [ GF(q2k)\GF(qk) and so either gcd(n, qk 2 1) 5 n/2 or gcd(n,
qk 1 1) 5 n/2. Hence, if g(x) [ GF(q)[x] is the monic irreducible polynomial
of z 1 z 21, the degree of g(x) is 2k. The above arguments show that
2(z 1 z 21) is also a root of g(x) if and only if either gcd(n, qk 2 1) 5
n/2 or gcd(n, qk 1 1) 5 n/2. Moreover, the even degree of g(x) can be
deduced from the condition that 2(z 1 z 21) is also a root of g(x).
In the arguments above, we have considered two cases, namely z q
j
21 5
21 or z q
j
11 5 21, where z is a root of some monic irreducible polynomial
f (x) [ GF(q)[x] of degree K and of order n. The case z q
j
21 5 21 means
that 2z is also a root of f (x). Note that 2z is a root of the irreducible
polynomial f (2x). So, 2z is also a root of f (x) if and only if every coefficient
of odd terms of f (x) is zero. Therefore, if f (x) is a monic irreducible
polynomial, the condition that both degree K and order n of f (x) are even
and gcd(n, qK/2 2 1) 5 n/2 is a necessary and sufficient condition for that
every coefficient of odd terms of f (x) is zero. The other case z q
j
11 5 21
means that 2z 21 is also a root of f (x). Note that z 21 is a root of the
polynomial f (0)21xkf (x21). So, the statement that 2z 21 is also a root of
f (x) is equivalent to f (x) 5 f (0)21xkf (2x21). The last equation implies
f (0) 5 61. Write f (x) 5 aKxK 1 ? ? ? 1 a1x 1 a0 . We have the following
two cases: (a) If f (x) [ GF(q)[x] is monic and irreducible with f (0) 5 1,
then both degree K and order n of f (x) are even and gcd(n, qK/2 1 1) 5
n/2 if and only if K is even and aK22i 5 a2i for all 0 # i # K/2 and
aK22i21 5 2a2i11 for all 0 # i # K/2 2 1. (b) If f (x) [ GF(q)[x] is monic
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and irreducible with f (0) 5 21, then both degree K and order n of f (x)
are even and gcd(n, qK/2 1 1) 5 n/2 if and only if K is even and aK22i 5
2a2i for all 0 # i # K/2 and aK22i21 5 a2i11 for all 0 # i # K/2 2 1.
Now, we are ready to prove our first result.
THEOREM 2.4. Let q be odd and let n $ 1 be an integer. Let a [ GF(q)3
and let b [ GF(q)3 satisfy b2 5 a. And let e be the degree of the monic
irreducible polynomial over GF(q) of b. Write n 5 prm with gcd(m, p) 5
1 and r $ 0. For each divisor d of m, let kd be the smallest positive integer
satisfying qkd ; 61 mod 4d. Define hm(d) 5 1 if m/d is odd and hm(d) 5
0 if m/d is even. Then,
(1) for f (x) [ GF(q)[x], f (x) is an irreducible factor of Dm(x, a) if and
only if f (x) is an irreducible factor of Dn(x, a) with multiplicity pr;
(2) Dm(x, a) is simple;
(3) Dm(x, a) has exactly hm(1) linear factors f0(x) 5 x;
(4) for any divisor d $ 2 of m, there are exactly hm(d)w(4d)/kd irreducible
factors over GF(q) of Dm(x, a) of degree kd/2 so that any such factor is of
the form f (x) 5 Pkd/221i50 (x 2 (b(z 1 z 21))q
i
) whenever kd is even, kd/2 is
odd, e 5 2, and either gcd(4d, qkd/2 2 1) 5 2d or gcd(4d, qkd/2 1 1) 5 2d;
otherwise, there are exactly hm(d)w(4d)/2lcm(e, kd) irreducible factors over
GF(q) of Dm(x, a) of degree lcm(e, kd) so that any such factor is of the form
f (x) 5 Plcm(e,kd)21i50 (x 2 (b(z 1 z 21))q
i
), where lcm(e, kd) is the least common
multiple of e and kd , and z is an arbitrary primitive 4dth root of unity.
Proof. Write x 5 y 1 a/y. By (1.3), Dn(x, a) 5 yn 1 an/yn 5 (ym 1
am/ym)p
r
5 (Dm(x, a))p
r
. So, the fact that f (x) [ GF(q)[x] is an irreducible
factor of Dm(x, a) if an only if f (x) is an irreducible factor of Dn(x, a)
follows immediately.
Let j [ GF(qk) be a primitive 4mth root of unity, where qk ; 1 mod
4m. For u [ GF(q)3, u 1 a/u is a root of Dm(x, a) if and only if u is of
the form u 5 j 2i11b for some 0 # i , 2m. Let u1 5 j 2i111b and u2 5
j 2i211b. It is easy to see that u1 1 a/u1 5 u2 1 a/u2 if and only if 2i1 1 1
; 6(2i2 1 1) mod 4m. So, there are exactly m distinct elements of the
form u 1 a/u with u 5 j 2i11b for some 0 # i , 2m. Hence, Dm(x, a) is
simple. Combining results in the first paragraph, f (x) [ GF(q)[x] is an
irreducible factor of Dm(x, a) if and only if f (x) is an irreducible factor of
Dn(x, a) with multiplicity pr.
If e 5 1, then a is a square and GF(qk) contains the splitting field of
x2m 1 am. Since every root of the polynomial x2m 1 am is of the form u 5
j 2i11b for some 0 # i , 2m, a subfield GF(qt) of GF(qk) containing a root
of x2m 1 am implies gcd(qt 2 1, 4m) 5 4mt for some positive divisor mt of
m. Moreover, m/mt must be odd in this case because j 2i11 is a primitive
4mtth root of unity but not a 2mtth root of unity.
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Let d $ 1 be a divisor of m with m/d odd. Let z [ GF(q)3 be a primitive
4dth root of unity. If d 5 1, then z 1 z 21 5 0 and so Dm(x, a) has exactly
hm(1) linear factors f0(x) 5 x. From now on, we consider d $ 2. Let
h(x) [ GF(q)[x] be the monic irreducible polynomial over GF(q) of z and
let g(x) be the monic irreducible polynomial over GF(q) of z 1 z 21.
Then deg(g(x)) 5 kd . Note that deg(h(x)) 5 kd if qkd ; 1 mod 4d and
deg(h(x)) 5 2kd if qkd ; 21 mod 4d by Lemma 2.1. Moreover, if qkd ; 1
mod 4d, the irreducible polynomial over GF(q) having the element z 21 as
a root is of the form h(0)21xkdh(x21) ? h(x) by Lemma 2.2. From this result
and Lemma 2.2 again, there are exactly w(4d)/2kd such kinds of irreducible
polynomials g(x).
Now let f (x) be the monic irreducible polynomial over GF(q) of b(z 1
z 21). If e 5 1, then deg(f(x)) 5 deg(g(x)). So, there are exactly w(4d)/
2kd 5 w(4d)/2lcm(e, kd) irreducible factors of Dm(x, a) of degree kd 5
lcm(e, kd) so that any such factor is of the form P
kd21
i50 (x 2 b(z 1
z 21)q
i
) by the results in the last paragraph.
Finally, let e 5 2. Let Kd be the smallest positive integer satisfying
(q2)Kd ; 61 mod 4d and let F(x) be the monic irreducible polynomial over
GF(q2) of b(z 1 z 21). Note that kd 5 Kd if and only if kd is odd. By results
in the last paragraph, there are exactly w(4d)/2Kd such kinds of irreducible
factors F(x) over GF(q2) of Dm(x, a) of degree Kd . By Lemma 2.3, F(x) 5
f (x) if and only if Kd is odd and either gcd(4d, qKd 2 1) 5 2d or gcd(4d,
qKd 1 1) 5 2d. In this case, kd 5 2Kd and thus there are exactly w(4d)/kd
irreducible factors f (x) over GF(q) of Dm(x, a) of degree kd/2. For the
remaining cases, F(x) Ó GF(q)[x] and so deg( f (x)) 5 2Kd . Hence, there
are exactly w(4d)/4kd 5 w(4d)/2lcm(e, kd) irreducible factors f (x) over
GF(q) of Dm(x, a) of degree 2kd 5 lcm(e, kd) if kd is odd, and there are
exactly w(4d)/2kd 5 w(4d)/2lcm(e, kd) irreducible factors f (x) over GF(q)
of Dm(x, a) of degree kd 5 lcm(e, kd). This completes the proof.
Note that the Theorem 2.4(1) (and Theorem 2.5(1) later) can be obtained
iteratively by [2, Lemma 2.6(iii)]. In fact, the proof of Theorem 2.4(1) is
similar to the proof of that lemma. Because a similar method will be used
later in the proof of Theorem 3.1(1) and Theorem 3.4(1), we give the proof
here in contrast.
We have only considered q odd in Theorem 2.4. We are going to consider
q even in the following theorem. In this case, the Frobenius mapping s
from GF(q) into GF(q) itself defined by s(w) 5 w2 for all w [ GF(q) is
an isomorphism. So, for any element a [ GF(q)3, there is exactly one
element b [ GF(q) satisfying b2 5 a. Equation (2.2) can be rewritten in a
simpler form. Namely, if w 5 u 1 a/u [ GF(q)3, then w is a root of Dn(x,
a) if and only if u is a solution of
(2.3)xn 5 bn.
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Let j [ GF(q)3 be a primitive nth root of unity. Then every solution of
Eq. (2.3) is of the form bj i for all 0 # i , n.
THEOREM 2.5. Let q be even and let n $ 1 be a fixed integer. Write n 5
2rm with m odd and r $ 0. Let a [ GF(q)3 and let b [ GF(q) satisfy b2
5 a. For each divisor d of m, let kd be the smallest positive integer satisfying
qkd ; 61 mod d. Then,
(1) f (x) [ GF(q)[x] is an irreducible factor of Dn(x, a) if and only if
f (x) is an irreducible factor of Dm(x, a);
(2) if m . 1, Dm(x, a) 5 x(Fm(x, a))2, where Fm(x, a) [ GF(q)[x] is
simple with Fm(0, a) ? 0;
(3) f0(x) 5 x [ GF(q)[x] is an irreducible factor of Dn(x, a) of multiplicity
2r and any other irreducible factor over GF(q) of Dn(x, a) is of multiplic-
ity 2r11;
(4) for any divisor d $ 2 of m, there are exactly w(d)/2kd irreducible
factors over GF(q) of Dm(x, a) of degree kd so that any such factor is of the
form f (x) 5 Pkd21i50 (x 2 b(z 1 z 21)q
i
), where z is a primitive dth root of unity.
Proof. Write x 5 y 1 a/y. By (1.3), Dn(x, a) 5 yn 1 an/yn 5 (ym 1
am/ym)2
r
5 (Dm(x, a))2
r
. So, (1) follows immediately, and moreover, if
f (x) [ GF(q)[x] is an irreducible factor of Dm(x, a) with multiplicity t, then
f (x) is an irreducible factor of Dn(x, a) with multiplicity 2rt. From (1.1), it
is easy to see that if m . 1, Dm(x, a) can be rewritten as Dm(x, a) 5 x(Fm(x,
a))2 for some polynomial Fm(x, a) [ GF(q)[x] with Fm(0, a) ? 0.
We omit the proof of (4) because it is similar to the proof of Theorem
2.4(4). Using the result (4), Dm(x, a) has exactly 1 1 o (w(d)/2kd) 3 kd 1
o (w(d)/kd) 3 kd/2 5 (m 2 1)/2 1 1 roots in GF(q). Therefore, the
polynomial Fm(x, a) is simple and so, (2) and (3) follow.
The following corollary follows immediately from Theorems 2.4 and 2.5
and so, its proof is omitted.
COROLLARY 2.6. Let n $ 2 be a fixed integer. Write n 5 prm with gcd(m,
p) 5 1 and r $ 0. Let k be the smallest positive integer satisfying qk ; 61
mod 4m if q is odd, and qk ; 61 mod m if q is even. For any a [ GF(q)3,
let e 5 1 if a is a square, and e 5 2 if a is not a square. Then GF(qs) is the
splitting field of Dn(x, a) if and only if either q is odd, k is even, s 5 k/2 is
odd, e 5 2, and either gcd(4m, qk/2 2 1) 5 2m or gcd(4m, qk/2 1 1) 5 2m,
or s 5 lcm(e, k) otherwise.
Gao and Mullen [1] have shown that if q is a prime power with q 5
2rt 2 1, where t is odd and r . 1, then D2 j(x, 1), 0 # j # r 2 2, and
D2r21(x, 21) can be completely factored into a product of linear polynomials
over GF(q). These results can be seen easily from Theorem 2.4(4) because
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q ; 21 mod 4 3 2 j for all 0 # j # r 2 2, q2 ; 1 mod 4 3 2r21, and
gcd(4 3 2r21, q 1 1) 5 2 3 2r21. Also, Williams [6] gives a factorization
of Dn(x, a) over GF(q) with the condition that n is odd and GF(q) contains
a primitive nth root of unit. In this special case, our results is consistent
with Williams’ result. We state this in the following.
COROLLARY 2.7. Let n $ 1 be a fixed integer and let a [ GF(q)3. Assume
that GF(q) contains a primitive nth root r of unity. For any integer k $ 1,
let bk 5 rk 2 r2k. If n is odd, then Dn(x, a) 5 x P
(n21)/2
k51 (x2 1 ab2k).
Proof. Note that q ; 1 mod n because GF(q) contains a primitive nth
root r of unity. If q is even, the corollary is true by Theorem 2.5(2), (4).
Let q be odd. We are going to show that each x2 1 ab2k can be rewritten
as (x 2 b(z 1 z 21))(x 1 b(z 1 z21)), where b [ GF(q2) satisfies b2 5 a
and z is a primitive 4dth root of unity for some suitable divisor d $ 2 of
n. For this purpose, fix 1 # k # (n 2 1)/2 and let j be a primitive 4nth
root of unity so that j 4 5 r. Then bk 5 j 4k 2 j 24k. Take z 5 z n14k. Since
n is odd, z is a primitive 4d root of unity for some suitable divisor d $ 2
of n. From Theorem 2.4, x 2 b(z 1 z 21) and x 1 b(z 1 z 21) are distinct
irreducible factors over GF(q2) of Dn(x, a). Since j 2n 5 21, we have (x 2
b(z 1 z 21))(x 1 b(z 1 z 21)) 5 x2 2 a(z 1 z 21)2 5 x2 2 a(j 2n18k 1 2 1
j 22n28k) 5 x2 1 a(j 4k 2 j 24k)2 5 x2 1 ab2k .
We have seen how to factor a given Dickson polynomial Dn(x, a) over
GF(q). From Theorem 2.4, if for an irreducible polynomial f (x) [ GF(q)[x]
of order d, Dn(x, a) has an irreducible factor g(x) over GF(q) so that
b(z 1 z 21) is a root of g(x) for roots z of f (x) and for some b [ GF(q2)
satisbying b2 5 a, then d ; 0 mod 4 and 4n/d is odd, whenever q is odd.
So, not every irreducible polynomial can be used to generate an irreducible
factor over GF(q) of Dn(x, a) in this case. This also shows that if q is odd,
some irreducible polynomials cannot be irreducible factors of any Dickson
polynomial. The last statement is no more true when q is even. We have
the following.
THEOREM 2.8. Let q be even. If f (x) [ GF(q)[x] is a monic irreducible
polynomial, then there is a monic irreducible polynomial g(x) [ GF(q)[x]
so that j is a root of f (x) if and only if j 5 z 1 z 21 for some root z of g(x).
Therefore, every monic irreducible polynomial over GF(q) is an irreducible
factor of some suitable Dickson polynomial Dn(x, 1).
Proof. Let x ? f (x) [ GF(q)[x] be a monic irreducible polynomial of
degree k. Let j [ GF(qk) be a root of f (x). Then, there exist z [ GF(q2k)
satisfying j 5 z 1 z 21. From Lemma 2.1, either z [ GF(qk) or z [
GF(q2k)\GF(qk). And z 1 z 21, (z 1 z 21)q, . . . , (z 1 z 21)q
k21
are the roots
of f (x) in GF(qk). Let n be the multiplicative order of z in GF(q2k) and let
FACTORIZATION OF DICKSON POLYNOMIALS 93
g(x) [ GF(q)[x] be the irreducible polynomial of z. Then g(x) is the desired
polynomial and f (x) is an irreducible factor of Dn(x, 1). For the completion
of the proof, we note that f (x) 5 x is a factor of D1(x, 1) and g(x) 5
x 1 1 is the desired polynomial.
3. DICKSON POLYNOMIALS OF THE SECOND KIND
Since E0(x, a) 5 1, we are going to consider En(x, a) with n $ 1. Fix
w [ GF(q)3 and write w 5 u 1 a/u for some u [ GF(q)3. If u2 ? a,
En(x, a) 5 En(u 1 a/u, a) 5
un11 2 an11/un11
u 2 a/u
. (3.1)
Let b [ GF(q)3 satisfy b2 5 a. From (1.2), En(2b, a) 5 (n 1 1)bn and
En(22b, a) 5 (n 1 1)(2b)n.
Assume q odd. From (3.1), if u2 ? a, then w is a root of En(x, a) if and
only if (u2(n11) 2 an11)/(u2 2 a) 5 0, or equivalently, u is a solution of
x2(n11) 5 an11. (3.2)
Since b2 5 a, 2b (also 22b) is a root of En(x, a) if and only if p divides
n 1 1. So, if gcd(n 11, p) 5 1, then 62b are not roots of En(x, a). Let
z [ GF(q)3 be a primitive (2n 1 2)th root of unity. Every root of Eq. (3.2)
is of the form z ib, 0 # i , 2(n 1 1).
The following, our first result in this section, corresponds to Theorem 2.4.
THEOREM 3.1. Let q be odd and n $ 1 be an integer. Fix a [ GF(q)3
and let b [ GF(q)3 satisfying b2 5 a. Let e be the degree of the monic
irreducible polynomial over GF(q) of b. Write n 1 1 5 pr(m 1 1) with
gcd(m 1 1, p) 5 1 and r $ 0. For each divisor d . 2 of 2(m 1 1), let kd
be the smallest positive integer satisfying qkd ; 61 mod d. Then,
(1) for either x 6 2b ? f (x) [ GF(q)[x] if e 5 1 or x2 2 4a ? f(x) [
GF(q)[x] if e 5 2, f (x) is an irreducible factor of Em(x, a) if and only if
f (x) is an irreducible factor of En(x, a) with multiplicity pr;
(2) both x 2 2b and x 1 2b are irreducible factors of En(x, a) having
the same multiplicity (pr 2 1)/2 if e 5 1, and x2 2 4a is an irreducible factor
of En(x, a) with multiplicity (pr 2 1)/2;
(3) Em(x, a) is simple;
(4) Em(x, a) has the linear factor f0(x) 5 x whenever m is odd;
(5) for any divisor d . 4 of 2(m 1 1) with d ; 0 mod 4, there are exactly
w(d)/kd irreducible factors over GF(q) of Em(x, a) of degree kd/2 so that
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every such factor is of the form f (x) 5 Pkd/221i50 (x 2 (b(z 1 z 21))q
i
) if kd is
even, kd/2 is odd, e 5 2, and either gcd(d, qkd/2 2 1) 5 d/2 or gcd(d,
qkd/2 1 1) 5 d/2, and, otherwise, there are exactly w(d)/2lcm(e, kd) irreducible
factors over GF(q) of Em(x, a) of degree lcm(e, kd) so that any such factor
is of the form f (x) 5 Plcm(e,kd)21i50 (x 2 (b(z 1 z 21))q
i
), where z is a primitive
dth root of unity;
(6) for any divisor d . 2 of 2(m 1 1) with d ò 0 mod 4, there are
exactly w(d)/lcm(e, kd) (or equivalently, (w(d) 1 w(2d))/2lcm(e, kd) whenever
d is odd) irreducible factors of Em(x, a) of degree lcm(e, kd) so that any
such factor is of the form f (x) 5 Plcm(e,kd)21i50 (x 2 (b(z 1 z 21))q
i
), where z
is a primitive dth root of unity. Moreover, if d . 2 is an odd divisor of
2(m 1 1), the set of all irreducible factors over GF(q) of Em(x, a) correspond-
ing to d equals the set of all irreducible factors over GF(q) of Em(x, a)
corresponding to 2d.
Proof. Write x 5 y 1 a/y. Then,
En(x, a) 5
yn11 2
an11
yn11
y 2 a/y
5
Sym11 2 am11ym11Dp
r
y 2 a/y
51ym11 2 a
m11
ym11
y 2 a/y 2
pr
(y 2 a/y)p
r
21
5 (Em(x, a))p
r
(x2 2 4a)(p
r
21)/2.
So, if 0 ? u2 ? a and Em(x, a) is simple, then u 1 a/u is a root of Em(x,
a) if and only if u 1 a/u is a root of En(x, a) with multiplicity pr. Note that
Em(2b, a) 5 (m 1 1)bm ? 0 ? (m 1 1)(2b)m 5 Em(22b, a). Hence, (2)
is true immediately.
The proof of the simplicity of Em(x, a) is similar to the proof of the
simplicity of Dm(x, a) in Theorem 2.4(2) and so it is omitted. The proof of
(1) is completed by the simplicity of Em(x, a).
(4) is easy to see because z 1 z 21 5 0 if z is a primitive 4th root of unity.
If m is odd the proof of (5) is similar to the proof of Theorem 2.4(4). Now,
we are going to prove (6). The proof of the case e 5 1 is similar to the
proof of Theorem 2.4(4) and so it is omitted.
Finally, consider e 5 2 and any divisor d . 2 of 2(m 1 1) with d ò 0
mod 4. Let Kd be the smallest positive integer satisfying (q2)Kd ; 61 mod
d and let F(x) be the monic irreducible polynomial over GF(q2) of b(z 1
z 21), where z is a primitive dth root of unit. Then deg(F(x)) 5 Kd and
either kd 5 Kd or kd 5 2Kd . And kd 5 Kd if and only if kd is odd. From
the case e 5 1, there are exactly w(d)/2Kd such kinds of irreducible factors
F(x) over GF(q2) of Em(x, a) of degree Kd . Since d ò 0 mod 4, gcd(d,
qKd 1 1) ? d/2 ? gcd(d, qKd 2 1). This implies F(x) Ó GF(q)[x] by Lemma
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2.3. So, if f (x) is the monic irreducible polynomial over GF(q) of b(z 1
z 21). Then deg( f (x)) 5 2Kd 5 lcm(e, kd). Let g(x) 5 P
Kd21
i50 (x 1 b(z q 1
z 2q)Q
i
). Then g(x) [ GF(q2)[x]\GF(q)[x] is irreducible by Lemma 2.3 and
f (x) 5 F(x)g(x). Assume that d is odd. Then z is a primitive dth root of
unity if and only if 2z q is a primitive 2dth root of unity. Moreover,
w(d) 5 w(2d), Kd 5 K2d , and kd 5 k2d . So, for each irreducible polynomial
over GF(q2) of order d, there is exactly one irreducible polynomial over
GF(q2) of order 2d so that their corresponding irreducible factors F(x) and
g(x) over GF(q2), respectively, of Em(x, a) can be paired up to form an
irreducible polynomial f (x) over GF(q) of Em(x, a). Therefore, there
are exactly w(d)/2Kd 5 w(d)/lcm(e, kd) (or equivalently, (w(d) 1 w(2d))/
2lcm(e, kd)) irreducible factors over GF(q) of Em(x, a) of degree lcm(e, kd)
so that any such factor f (x) is of the form f (x) 5 Plcm(e,kd)21i50 (x 2 (b(z 1
z 21))q
i
). This completes the proof.
Theorem 3.1 deals with the case q odd. Now, we are going to consider
q even. Let b [ GF(q)3 satisfy b2 5 a. Then 0 5 u 1 a/u if and only if
u 5 b. For w 5 u 1 a/u [ GF(q)3, w is a root of En(x, a) if and only
if (u2(n11) 2 an11)/(u2 2 a) 5 0, or equivalently, u ? b is a solution of
the equation
xn11 5 bn11. (3.3)
If j is a primitive (n 1 1)th root of unity, then every solution of Eq. (3.3)
is of the form x 5 bj i for some 0 # i # n.
The proof of the following theorem is similar to the proof of Theorem
2.5 and so it will be omitted.
THEOREM 3.2. Let q be even and let n $ 1 be an integer. For a [ GF(q)3,
let b [ GF(q)3 satisfy b2 5 a. Write n 1 1 5 2r(m 1 1) with m even and
r $ 0. For each divisor d . 1 of m 1 1, let kd be the smallest positive integer
satisfying qkd ; 61 mod d. Then,
(1) for x ? f (x) [ GF(q)[x], f (x) is an irreducible factor of Em(x, a) if
and only if f (x) is an irreducible factor of En(x, a);
(2) if m . 0, Em(x, a) 5 (Hm(x, a))2, where Hm(x, a) [ GF(q)[x] is
simple with Hm(0, a) ? 0;
(3) f0(x) 5 x is a factor of En(x, a) of multiplicity 2r 2 1, and any other
irreducible factor over GF(q) of En(x, a) is of multiplicity 2r11;
(4) for any divisor d . 1 of m 1 1, there are exactly w(d)/2kd irreducible
factors of Em(x, a) of degree kd so that any such factor is of the form
f (x) 5 Pkd21i50 (x 2 b(z 1 z 21)q
i
), where z is a primitive dth root of unity.
From Theorems 3.1 and 3.2, the following corollary concerning the split-
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ting field of En(x, a) over GF(q) with a [ GF(q)3 is easy to see and so its
proof is omitted.
COROLLARY 3.3. Let n $ 1 be an integer. Write n 1 1 5 pr(m 1 1) with
gcd(m 1 1, p) 5 1 and r $ 0. Let k be the smallest positive integer satisfying
qk ; 61 mod 2(m 1 1) if q is odd, and qk ; 61 mod(m 1 1) if q is even.
For a [ GF(q)3, let e 5 1 if a is a square in GF(q) and e 5 2 if a is not a
square in GF(q). Then GF(qs) is the splitting field of En(x, a) over GF(q)
if and only if either s 5 k/2 whenever k is even, m . 1, q and k/2 are odd,
e 5 2, and either gcd(2(m 1 1), qk/2 1 1) 5 (m 1 1) or gcd(2(m 1 1),
qk/2 2 1) 5 (m 1 1), or s 5 lcm(e, k) otherwise.
We mentioned at the end of Section 2 that some irreducible polynomials
cannot be factors of any Dickson polynomial Dn(x, a) over GF(q) of the
first kind when q is odd. This cannot be true for Dickson polynomials En(x,
a) over GF(q) of the second kind. We state the following theorem without
proof because its proof is similar to the proof of Theorem 2.8 with some
suitable changes.
THEOREM 3.4. If f (x) [ GF(q)[x] is a monic irreducible polynomial,
then there is a monic irreducible polynomial g(x) [ GF(q)[x] so that j is a
root of f (x) if and only if j 5 z 1 z 21 for some root z of g(x). Therefore,
every monic irreducible polynomial over GF(q) is an irreducible factor of
some suitable Dickson polynomials En(x, 1).
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